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2 "1çN��
©cæ²ØÜĎĞĊm¯ãèĨ�

oçĦàç4hZ�û
Î¼,Sû©c(dictionary)ãÍÎÊ�

1.  member(x,S) : xÄSåõéyes, xÈÀSåõénoû�$�

2.  Insert(x,S) : SûSÅ{x}æb^�

3.  delete(x,S) : SûS Ģ{x}æb^�

Ä 
�Ú÷æl�
ãX�ã!»
Ò¿®æ�Ï
÷ĎĞĊm¯�

Ĥģ\�×øÜ¶��
ÀÀÀÀÀÀÀÀÀmember             dRa¹¢�·ÀO(log n) 
         insert, deleate    dRa¹¢�·ÀO(n) Öøè0¾ğ�

ĥģĥ�Y�g�
ÈÈÈÀmember,insert,delete  dRa¹¢�·ÈO(n) 
                                            H3a¹¢�·ÈO(log n) X�ç½|ÒĘĜċĖ�

ã	=�
ĦģH�ĥ�Y�g�
ÈÈÈAVLgĠ�áç�væÐÍáÉEµ�gã*µ�gç¿×çFÒĤ��çĥ�Y�gġ�

member,insert,delete  dRa¹¢�·O(log n) 
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3 h_ç�?�

QĤģH�ĥ�Y�gôöñßã�Íĥ�Y�gèÌ÷çÑĨ�
ÈÈÈÈÈÈÃ�
l�çîç¿®'åõ)�ğ�

l�×ø÷��ç�w�GÒ�ÑßáÍ÷ãÓæÉÛç�w�Gæ@Øá�
l�æÑÑ÷a¹ÒÉH3~ædñCåÔå÷ôÎågûm�Ú÷ÖãÒ)��
ÈÈÈÈÈÈÈÈÈÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÂ�
ÈÈÈÈÈÈÈÈÈÈÈÈÈÈÈd²ĥ�Y�g�

Q2.Èl�ĝX�ĝ!»ça¹¢�·èÉO(log n)ç6û�øåÍÑĨ�

H3a¹¢�·åõ)�ğ�

Ēčćė�ûzÍøéÉH3a¹¢�·ûO(1)ÈĠ=[a¹ġâ�Ï÷Ê�
ÜÝØÉĒčćė�çĆþĉmûk���[nçĀĞċĞO(n)æãßÜ5,æ�
O(1)û>x)��

Ēčćė�èdñ>z~å©cæ²ØÜm¯�
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d²2�Y�gç=�(1/2)�

S={a1, a2,…,an} :k���ÊÜÝØÀa1<a2<ĝĝĝ<anãÚ÷Ê�

oç�wÒ�ÏõøáÍ÷ã	=Ê�

È      P{x=ai}=αi (i=1,2,…,n)�

È      P{x<a1}=β0,  P{ai<x<ai+1}=βi  (i=1,2,…,n-1),  P{an<x}=βn�

T :Sû�v��ãØáñàĥ�Y�g 

Tç+�vÒÞóÎäĥàç;ûñàôÎæn+1�çi�çvĠ7vġûA�Ê 

�vai :��aiÒ#öKáõøáÍ÷�v 

7vv0:x<a1çãÓæmember(x,S)æôöĠ	S~æġÜäö�Ô7v�

7vvi (i=1,2,…,n-1): ai<x<ai+1çãÓæmember(x,S)æôöÜäö�Ô7v 

7vvn:x>ançãÓæmember(x,S)æôöÜäö�Ô7v�

a4 

a3 
a6 

a1 

a2 

a5 

v0 

v1 v2 

v3 

v4 v5 

v6 
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d²2�Y�gç=�(2/2)�

SÇX: �½I¼,�
�

d²ĥ�Y�g(optimal binary search tree)ãè�
Èl�ĄĈď(member(x,S)çH3a¹¢�·) 
   ÒdBçĥ�Y�g�
�

d²ĥ�Y�gèoJâ=�×ø÷ĄĈďcûdB'Ú÷ĥ�Y�gTâÌ÷Ê�
�
ÈÈÈc(T)=Σαi(depthT(ai)+1)+ΣβidepthT(vi) 
 
ÜÝØÉdepthT(u)èĥ�Y�gTæÐÕ÷�vuçs×û�ÚñçãÚ÷Ê�

i=1 

n n 

i=0 
←H3p¨1[�

a4 

a3 
a6 

a1 

a2 

a5 

v0 

v1 v2 

v3 

v4 v5 

v6 
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d²ĥ�Y�gçmUr�

Ti,j : �vai, ai+1,…,ajÑõå÷ĥ�Y�g�
�
Ti,jçĄĈďû-næoçôÎæ=�Ú÷Ê�
�
c(Ti,j)=Σαp(depthTi,ĩ(ap)+1)+ΣβpdepthTi,j(vp) 
 
gTi,jèjÒ�vakâÌøéÉÌ÷gTi,k-1ãgTk+1,jûzÍáÉE2çôÎæ�xâÓ÷Ê�
�
ÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀci,j=minTi,j c(Ti,j) 
 
                      ã=�Ú÷Êd�~æèc(T)=c1,nãå÷ôÎågTûqðøéôÍÊ�
�

ÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀci,j=min      min min (c(Ti,k-1)+Σ αp + Σ βpÈ+ αk + c(Tk+1,j) + Σ αp + Σ βp) 

p=i 

j j 

p=i-1 

ak 

Ti,k-1 Tk+1,j 

k:iÆkÆj Ti,k-1 Tk+1,j p=i p=i-1 p=k+1 p=k 

k-1 k-1 j j 

P{ai-1<x<ak} P{ak<x<aj+1} 

=min     (ci,k-1 + ck+1,j ) + Σαp + Σβp 
k:iÆkÆj p=i 

j 

p=i-1 

j 

ôßád²ågTi,jçĄĈďci,jèôöB×åd²ågTi,k-1, Tk+1,jÈ(iÆkÆj) ç�
ĄĈďci,k-1, ck+1,jÑõqð÷ÖãÒâÓ÷Ê�
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d²ĥ�Y�gçmUr(�Ó) 

ci,j =min      (ci,k-1 + ck+1,j) + Σαp + Σβp 
k:iÆkÆj p=i 

j 

p=i-1 

j 

Ti,i-1èai-1<x<aiæ@Ú÷gâÌö7vvi-1çîÑõå÷gâÌ÷Ê�
ĄĈďç=�ôöci,i-1=c(Ti,i-1)=0ãå÷Ê�

ØÜÒßáÉíãð÷ã��çu'JÒMõø÷Ê�

ci,i-1=0 

for  1ÆiÆjÆn 

for  1ÆiÆn 

Öçu'JôöÉc1,nÐôêÛçĄĈďû±UÚ÷d²ĥ�Y�gTû�
&~¢{rû�ßáa¹¢�·O(n2)â¢�)�Ê�

&~¢{rãè�
ÈÈ@¥ãå÷0¾çµ�0¾ç¡û¢�Øá£TØáÐÓÉ�
ÈÈÛøõûzÍá�ç0¾ç¡û¢�Ú÷Wr�

�����-	��ci,j-�-��,.�j’-i’<j-i)�2ci’,j’#�	
4+��#&�'(��
j-i-��
"+ci,j�1�,��$3/�ci,j5O(j-i+1))
02 *�)�2��
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�� S={a1,a2,a3,a4,a5} 
α1=α2=α3=0.1,  α4=α5=0.2, β0=β1=β3=β4=β5=0.05 ç5,�

 
0 

 
0 

 
0 

 
0 

 
0 

 
0 

ci,jç��

k=1 
0.2 

k=2 
0.2 

k=3 
0.2 

k=4 
0.3 

k=5 
0.3 

k=1 
0.55 

k=2 
0.55 

k=4 
0.85 

k=2 
0.9 

k=4 
1.2 

k=2 
1.6 

k=4 
1.7 
k=4 
2.2 1 

2 

3 

4 

5 

6 

i 

0 1 2 3 4 5 j 

k=3 
1.1 

k=4 
0.65 

 
 

c2,4= min {c2,1+c3,4, 
                 c2,2+c4,4, 
                 c2,3+c5,4} + 
           (α2+α3+α4) + 
           (β1+β2+β3+β4) 
 
      = min {0.65, 0.5, 0.55} 
           + 0.4 + 0.2 
 
      =  1.1 
    (dBèc2,2+c4,4âk=3çãÓġ�

 
 

 
 

 
 

 
 

 
 

 
 

a4 

 
 

 
 

 
 

a2 a5 

 
 

 
 

a1 a3 

d²ĥ�Y�gè�
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dRa¹¢�·èO(n2) 

j-i=hç5,Én-h�çci,jû¢�ØåÕøéåõåÍÊ�

Ĥàçci,jûqð÷çæh+1�ç��ÑõdB�û¢�Ú÷çâÉ��âè�
�

ÈÈÈÈÈO(Σ(n-h)(h+1))=O(n3) 
 
ãå÷ÒÉdB��ûñßã�öªïÖãÒâÓ÷ÜðD9ûÚøé�

O(n2)çdRa¹¢�·â¢�)�âÌ÷Ê�
�

ci,jûdBæÚ÷��çgTi,jçj�vakèÉiÆkÆjôö×õæ�öªðá�
ri,j-1ÆkÆri+1,jâÌ÷ÖãÒ�õøáÍ÷ÊÜÝØÉri,jèd²ågTi,jçj�vç�

þĜĎčāĈÉàíöamûd²ågTi,jçj�vãÚ÷ãri,j=mâÌ÷Ê 
Öç�>û�Îã	
ç¢�è��çôÎæå÷Ê 

h=0 

n-1 

O (ri+1,i+h − ri,i+h−1 +1)
i=1

n−h

∑
h=0

n−1

∑
#

$
%

&

'
(=O (rn−h+1,n − r1,h + n− h

h=0

n−1

∑ )
#

$
%

&

'
(=O(n2 )
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ĒčćĜĂ�

Ēčćė�(hash table)ãè�
ÈÈĒčćėº[hû�ßáÉ��xÒÌõÑÙðt�ØÜm�ç5VçÎÞÉ�
ÈÈ��h(x)æk�×ø÷��

[Ēčćėº[çñàìÓQ¦] 
ĝº[�ç¿®å��Ò)�âÌ÷�

ĝ��ãåöÎ÷xæ@ØáÉĒčćė�h(x)Òm�ç��æâÓ÷ÝÕ�öåÔ�GÚ÷Öã�
[ôÔzÍõø÷Ēčćėº[] 
ĝxÒ\[ç5,�
ÈÈh(x)=x%m (xûmâ#ßÜ�ö) 
ĝxÒ]<�ç5,�
�

ÈÈh(x)=(Σord(x[i]))%m 
 

    ÜÝØÉord(a)è]<aç\[ĄĞĐ(ASCII, JIS, EUC�)âÌöÉkèxç]<�¸�

hash .��)�!&�%,$2�*������

i=0 

k-1 

��æĎĞĊèÍùÍùå/fçñçû.üâÍ÷ÜðÉ�
mÒĎĞĊç/fû�[æñàãº[�ç��Ò§Öö�
òÚÔå÷ÊÛçÜðmãØáè�[û³ëÖãÒ8ÍÊ�

ØÑØÉäçôÎåĒčćėº[û³üâñ��è´ÕõøåÍğ�
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11 ��@�r�
}å÷��x,yæ@ØÉĒčćė�Ò�ØÔå÷(h(x)=h(y))ÖãÒÌ÷Ê�
ÛçôÎå5,ç@�rãØáoçĥàÒÌ÷Ê�
�
1.  7µĒčćėrÉČÿþđĜĂ�
ÀÀÀÀÀ(open hashing, chaining) 
      
     -ÙĒčćė�ûñà��ûÉ�
ÀÀÀÀÀÛç�æ@PÚ÷ēăčďæk�Ú÷Ê�
ÈÈēăčďè°�ęĈďâ>xâÓ÷Ê�

2.  �µĒčćėrÉĀĞĕĜýĐěčćĜĂ�
ÈÈ(closed hasing, open addressing) 
 
ÈÈxûk�ØôÎãØÜãÓæÉ��h(x)ÒÚâæ�
ÀÀÀÀÀ�úøáÍ÷5,É^ØÍĒčćė�hi(x) (i=1,2,…)û�
ÀÀÀÀÀoËãqðÉd æ àÑßÜ�ÍáÍ÷���
ÈÈhi(x)æk�Ú÷ÊhiãØáèÉ��çº[åäÒ�úø÷Ê�
�
ÈÈÈÈÈÈÈÈhi(x)=(h(x)+i)%m 

 
 

h(x)=x%mç5,ç�

2 32 

5 55 15 

insert(15,S) 

2 
32 

5 
55 
15 
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7µĒčćėrç4hZ��

member(x,S) Èh(x)æ@PÚ÷ēăčď�â�ÒxçñçûYØÉ àÑøéyesÉ�
ÈÈÈÈÈÈÈÈÈÈ àÑõåÕøénoû«ÚÊ�
�
Insert(x,S)  ÈÈh(x)æ@PÚ÷ēăčď�â�ÒxçñçûYØÉ àÑøé
ñØåÍÉ�
ÈÈÈÈÈÈÈÈÈÈ àÑõåÕøéēăčďæ¬%Ê�
�
delete(x,S)  ÈÈh(x)æ@PÚ÷ēăčď�â�ÒxçñçûYØÉ àÑøé!»É�
ÈÈÈÈÈÈÈÈÈÈ àÑõåÕøé
ñØåÍÊ�

4hZ�ça¹¢�·�

α=n/m : (ewÈ(n: k���[, m: ēăčď[) 

dRa¹¢�·ÈO(n)   
               (�áç��Ò-ÙĒčćė�ûñà5,) 
 
H3a¹¢�·ÈO(α) 
               (n=O(m)âÌøéO(1)) 

2 32 

5 55 15 

member(12,S) 

h(12)=2 no 

Insert(15,S) 

h(15)=5 

18 88 48 

delete(88,S) 

h(88)=8 48 
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13 �µĒčćėrç4hZ��
member(x,S) È��h(x)ÑõYØ:ðÉh(x),h1(x),h2(x),…ç½âÛç��ç��Òxã�
ÈÈÈÈÈÈÈÈÈÈ�ØÍÑûČÿčāÚ÷Ê�ØÍñçÒîàÑßÜõyesû«ÚÊ��hi(x) 
                        Ò�Ó(“empty”)ãå÷íâČÿčāØÉ àÑõåÕøénoû«ÚÊ�
�
Insert(x,S)  ÈÈ��h(x)ÑõYØ:ðÉh(x),h1(x),h2(x),…ç½âÛç��ç��Òxã�
ÈÈÈÈÈÈÈÈÈÈ�ØÍÑûČÿčāÚ÷Ê��hi(x)Ò�Ó(“empty”)ãå÷íâČÿčāØÉ�
ÈÈÈÈÈÈÈÈÈÈxã�ØÍ��Ò àÑøé
ñØåÍÊîàÑõåÕøéÉl�­�â�
ÈÈÈÈÈÈÈÈÈÈ àÕÜ�Ó(“empty” or “deleted”)æxûk�Ú÷Ê�
�
delete(x,S)  ÈÈ��h(x)ÑõYØ:ðÉh(x),h1(x),h2(x),…ç½âÛç��ç��Òxã�
ÈÈÈÈÈÈÈÈÈÈ�ØÍÑûČÿčāÚ÷Ê��hi(x)Ò�Ó(“empty”)ãå÷íâČÿčāØÉ�
ÈÈÈÈÈÈÈÈÈÈxã�ØÍ��Ò àÑøé!»ØÁdeleted”çĔĘĂû�á÷ÊîàÑõ�
ÈÈÈÈÈÈÈÈÈÈåÕøé
ñØåÍÊ�

4hZ�ça¹¢�·�

α=n/m : (ewÈ(n: k���[, m: ēăčď[) 
dRa¹¢�·ÈO(n)   
               (�áç��Ò-ÙĒčćė�ûñà5,) 
 
H3a¹¢�·ÈO(1/(1-α))  (xÒ�æåÍ5,) 
                            O(-(1/α)log(1-α))  (xÒ�æÌ÷5,) 
ÈÈÈÈäÞõç5,ñn=O(m)âÌøéÉO(1) 

deleted 
empty 

2 
32 

deleted 
5 

55 

empty 
empty 

15 

member(12,S) 

h(12)=2 

no 

insert(12,S) 

h(12)=2 

12 

delete(12,S) 
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�µĒčćėrçH3a¹¢�·ç¤`�
ĝxÒ�æåÍ5,�

h0(x)(=h(x)),h1(x),…ç½æĒčćė�ç¢�û�ÎñçãÚ÷Ê�
��hi(x)â ðá�û àÕ÷�wè�
�

ÈÈÈÈÈÈÈÈÈÈÈÈÈÈn(n-1)ĝĝĝ(n-i+1)(m-n) 
                                m(m-1)ĝĝĝ(m-i+1)(m-i) 
 

âÌ÷ÊĠÜÝØÉi=0çãÓÉ	
Jè(m-n)/mûÌõúÚñçãÚ÷Êġ�
ØÜÒßáÉ��çp¨1[çfL�èÉ�
�
 
 
 
 
 
 
 
 
 
 
 

p¨1[ç=[�ça¹â¢�âÓ÷çâH3a¹¢�·èO(1/(1-α)) 

(i+1) n(n−1)(n− i+1)(m− n)
m(m−1)(m− i+1)(m− i)i=0

n

∑ = (i+1)
i=0

n

∑ n(n−1)(n− i+1)
m(m−1)(m− i+1)

1− n− i
m− i

#

$
%

&

'
(

= (i+1)
i=0

n

∑ n(n−1)(n− i+1)
m(m−1)(m− i+1)

− i
i=1

n+1

∑ n(n−1)(n− i+1)
m(m−1)(m− i+1)

≤
n(n−1)(n− i+1)
m(m−1)(m− i+1)i=0

n

∑

≤
n
m
#

$
%

&

'
(
i

i=0

∞

∑ =
1

1− n
m

=
1

1−α
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�µĒčćėrçH3a¹¢�·ç¤`Ġ�Óġ�

ĝxÒ�æÌ÷5,�

p¨1[çfL�èÉn�ç}å÷��û�ç�æ�
k�Ú÷çæO�åp¨1[�
çH3æ�ØÍÊØÜÒßá�
�
ÈÈÈÈÈÈ 
 
 
 
 
p¨1[ç=[�â¢�âÓ÷çâÉH3a¹¢�·èO(-     log(1-α)) 

Ġ¤`�úöġ�

 1  
α 

�wpây§Ú÷�¥Òk1�â ðáy§Ú÷ãØÜ5,ÉkçfL�è1/pâÌ÷�
ãÍÎ�>û�ßáÍ÷ÊàíöÉ�w(m-i)/mây§Ú÷�¥âèÉkçfL�èm/(m-i) 
âÌ÷Ê�

1 

m n 

… 

y= 
 m 
m-x 

1
n

m
m− i

≤
1
n

m
m− x0

n
∫

i=0

n−1

∑ dx

                = m
n

ln m
m− n

= −
1
α

ln(1−α)


