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Abstract. In this paper, we study eﬃcient computation of tree similarity for ordered trees based on compressed subtree enumeration. The
compressed subtree enumeration is a new paradigm of enumeration algorithms that enumerates all subtrees of an input tree T in the form of
their compressed bit signatures. For the task of enumerating all compressed bit signatures of k-subtrees in an ordered tree T , we ﬁrst present
an enumeration algorithm in O(k)-delay, and then, present another enumeration algorithm in constant-delay using O(n) time preprocessing that
directly outputs bit signatures. These algorithms are designed based on
bit-parallel speed-up technique for signature maintenance. By experiments on real and artiﬁcial datasets, both algorithms showed approximately 22% to 36% speed-up over the algorithms without bit-parallel
signature maintenance.

1

Introduction

Similarity search is a fundamental problem in modern information and knowledge retrieval [14]. In particular, we focus on tree similarity between two trees,
which plays a key role in a number of information and knowledge retrieval problems from semi-structured data such as similarity search, clustering, recommendation, and classiﬁcation for structured data in the real world [2–4, 8, 13].
In this paper, we study the eﬃcient computation of the frequency-based
tree similarities using classes of ordered trees. Ordered trees are rooted trees
which have total ordering among siblings. They are useful for modeling semistructured documents such as HTML and XML, chemical compounds, natural
language data, and Web access logs. In one direction, ordered tree similarities
based on substructures have been extensively studied [9–11], where the focuses
are on substructures of restricted forms such as paths [9] and q-grams [10].
In other direction, Kashima and Koyanagi [8] presented an eﬃcient dynamic
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Subtree Si
S1 = {1, 2, 14, 15, 16}
S2 = {1, 2, 14, 16, 17}
S3 = {2, 3, 8, 9, 13}
S4 = {2, 3, 8, 9, 10}
S5 = {1, 2, 3, 14, 15}
S6 = {2, 3, 5, 8, 13}
S7 = {2, 3, 4, 5, 8}
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S9 = {1, 2, 3, 8, 9}
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S11 = {1, 2, 3, 4, 8}
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Fig. 1. An ordered tree T1 , the corresponding k-subtrees, and the feature vector ϕSk (T )
for T1 , where k = 5. The set of nodes surrounded by a dashed circle indicates the
subtree S4 = {2, 3, 8, 9, 10}, which has occurrences S41 = {1, 15, 16, 18, 19} and S42 =
{2, 3, 8, 9, 12} in T isomorphic to itself.

programming algorithm to compute the ordered subtree kernel of two ordered
trees T1 and T2 in O(|T1 |×|T2 |) time using general ordered subtrees of unbounded
size. Besides the eﬃcient DP algorithms for ordered trees of unbounded size [8],
some authors pointed out the usefulness of the semi-structured features using
bounded sized substructures [12]. However, it does not seem easy to extend the
DP algorithm [8] for bounded sized ordered trees.
The enumeration-based approach [2,12,16] is another way of computing such
a tree distance based on a general class of substructures, which is a simple and
ﬂexible approach that one uses a pattern enumeration algorithm [2, 17, 19], to
ﬁnd all substructures contained in an input data to construct a feature vector,
and then to solve a variety of tasks for information retrieval, data mining, and
machine learning using similarity measure obtained from the constructed feature
vectors. One problem in this approach is the high computational complexity
of enumerating all small substructures. Hence, our goal is to devise eﬃcient
algorithms for frequency-based similarity by employing the recent development
of eﬃcient enumeration and mining algorithms for semi-structured data [2,17,19].
In this paper, we study eﬃcient computation of tree similarity between two
ordered trees using as features the class of bounded sized ordered subtrees in
unrestricted shape. We present two new eﬃcient algorithms for enumerating the
compressed bit-signatures of all ordered k-subtrees in an input ordered tree using
bit-parallel speed-up technique. The ﬁrst one runs in O(k) time per signature,
and the second one runs in constant time per signature using O(n) time preprocessing [1,7]. From these compressed signatures, we can quickly compute the
tree similarity between two ordered trees. We note that these algorithm are the
ﬁrst compressed pattern enumeration algorithms [18] for a subclass of trees and
graphs. They directly enumerate the compressed representation of all substruc-
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tures by incrementally constructing their compressed form on-the-ﬂy without
encoding/decoding.
Finally, we ran the experiments on real and artiﬁcial datasets to evaluate the
proposed methods. We observed that the improved versions of the algorithms
equipped with our bit-parallel speed-up technique showed around 36% speed-up
from the algorithm without speed-up.
Organization of this paper: In Sec.2, we give the deﬁnitions of the tree
similarities with ordered k-subtrees. In Sec. 3, we present the ﬁrst algorithm
using at most k-subtrees, and in Sec.4, the second algorithm using exactly ksubtrees. In Sec.5, we ran experiments to evaluate these algorithms, and in Sec.6,
we conclude this paper.

2

Preliminaries

In this section, we give basic deﬁnitions and notation on the tree similarities over
ordered trees. We denote by |A| the number of elements in a set A. For every
integers i ≤ j, we denote by [i, j] = {i, i + 1, . . . , j}.
Trees and k-subtrees: An ordered tree is a rooted tree T = (V, E, r)
with a node set V = V (T ) = {1, . . . , n}, an edge set E = E(T ), and the root
r = root(T ) such that there exists a ﬁxed ordering among children Ch(u) of
each internal node u ∈ T . The size of T is |T | = |V |. We assume the standard
deﬁnitions of the parent, children, leaves, and paths [5]. We denote by pa(v) the
parent of node v, Ch(v) the set of all children of v, and Lv(T ) ⊆ V (T ) the set
of all leaves of T . The border set is the set Bd(S) = { y ∈ Ch(x) | x ∈ S, y ∈
/ S },
that is, the set of all nodes that are not contained in S, but are children of some
nodes in S. We denote by T the countable set of all ordered trees
A subtree with size k of T , or simply a k-subtree, is any connected subgraph
T [S] = (S, E(S), root(S)) of T induced in a subset S ⊆ V (T ) consisting of
exactly k nodes of T . Since such a subtree can be completely speciﬁed by a
connected node set S, we identify any subset S ⊆ V (T ) with the subtree T [S] if
it is clear from the context. We denote by Sk (T ) the set of all distinct k-subtrees
appearing in T modulo isomorphism. A k-subtree S ∈ Sk (T ) appears in T if
there is some subset U ⊆ V (T ) such that T [U ] is isomorphic to T [S]. We assume
that the nodes are ordered as v1 ≤ · · · ≤ vn by the preorder traversal of T [5].
Bit signatures: As the succinct representation of ordered trees, the balanced parentheses representation (BP) [1] of an ordered tree T of k nodes is a bit
sequence BP (T ) = b2k−1 · · · b0 deﬁned by the depth-ﬁrst traversal of T starting
from root(T ) the left and right parentheses, “(” = 0 and “)” = 1, when it visits
a node at the ﬁrst and last times, respectively. We call BP (T ) the bit signature
of T . For example, the BP of a tree S3 = {2, 3, 8, 9, 13} of size 5 is “(()(()()))”.
For each node v ∈ T , lpos(v) and rpos(v) ∈ [0, 2k−1] denotes the bit positions
for the left and right parentheses in BP (S) corresponding to v, respectively. For
any subset R ⊆ S, RP OS(R) denotes the bit-vector X ∈ {0, 1}2k such that, for
every v ∈ S, X[rpos(v)] = 1 iﬀ v ∈ R. The compressed subtree enumeration on
T is the task of enumerating all subtrees in T in the form of bit signature.
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Tree similarity: In this subsection, we give the tree similarity for ordered
trees [8, 11]. Let T be an input ordered tree and S = {S1 , . . . , SM } ⊆ T , M ≥ 1,
be a class of possible subtrees in T . Each elements of S are called a subtreefeature. The subtree-feature vector of T based on S is the vector ϕS (T ) of the
number of counts that subtrees of S appear in T . Below, we will omit the superscript S if it is clear from context. Formally, the subtree-feature vector ϕ(T )
for T based on S is deﬁned by
ϕ(T ) = (f1 (T ), . . . , fM (T )) ∈ NM ,

(1)

where for every i ∈ [1, M ], fi (T ) = Occ(Si , T ) is the number of all occurrences
of the i-th subtree Si in T . Then, we consider the the tree similarity Sim(T, T ′ )
between T and T ′ in one of the following forms [14]:
– Lp -tree distance for every p = 1, 2, . . .:
(
Sim(T, T ′ ) = ||ϕ(T ) − ϕ(T ′ )||p =

∑

)1/p
|fi (T ) − fi (T ′ )|p

.

(2)

′
i fi (T )×fi (T )
Sim(T, T ) = Cosine(ϕ(T ), ϕ(T )) = ∑
1
1
∑
( i fi (T )) 2 × ( i fi (T ′ )) 2

(3)

i

– Cosine-tree distance:
′

∑

′

Once the feature vectors ϕ(T ) and ϕ(T ′ ) are computed by a subtree enumeration algorithm for class S, Sim(T, T ′ ) can be computed in linear time in
the length of the vectors. In Fig.1, we show examples of an ordered tree T1 ,
the corresponding k-subtrees, and the feature vector ϕSk (T1 ) for T1 based on all
k-subtrees for k = 5.
Model of Computation: We assume the Word RAM [1, 7] with standard
bit-wise Boolean and arithmetic operations (“+” and “∗”) on w = Θ(log n) bits
registers including bitwise and “&”, bitwise or “|”, bitwise not “∼”, left shift
“≪”, and right shift “≫”, where n is an input size. We write a constant variablelength bit-vector as “1011”. In this paper, a bit vector of length L is written as
X = bL−1 · · · b0 ∈ {0, 1}L , where the MSB bL−1 and LSB b0 come in this order.
For every i, we deﬁne the length and i-th bit of B by |B| = L and B[i] = bi ,
respectively.
An enumeration algorithm A receives an instance of size n and outputs all
of m solutions without duplicates (See, e.g. [6]). For a polynomial p(·), A is
of O(f (n))-delay using preprocessing p(n) if the delay, which is the maximum
computation time between two consecutive outputs, is bounded by f (n) after
preprocessing in p(n) time.

3

Enumeration of at-most k-subtrees in a tree

In Sec.3 and Sec.4, we present algorithms for computing the subtree-feature
vector of T based on eﬃcient compressed subtree enumeration.
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Algorithm 1 The algorithm EnumAtMost for computing the feature vector
H for the bit signatures of all subtrees with at most k nodes in an input tree T
1: procedure EnumAtMost(T, k)
2:
H ← ∅;
// A hash table H representing a feature vector
3:
for r ← 1, . . . , n do
4:
Initialize bit-vectors B and X;
5:
RecAtMost({r}, T, k);
6:
return H;
7: procedure RecAtMost(S, T, k)
8:
If H[S] is deﬁned, then H[S] ← H[S] + 1 else H[S] ← 1;
9:
Output BS(S);
10:
If |S| = k, then return;
11:
for each extension point v on RM B(S) do
12:
Attach a new leaf u to v as the youngest child;
13:
Let S ∪ {u} be the resulting subtree;
14:
RecAtMost(S ∪ {u}, T, k);

The ﬁrst algorithm that we present in this section is the compressed enumeration version of the constant delay enumeration algorithm for uncompressed
subtrees of at most size k in an ordered tree by [2, 15, 19].
The outline of the enumeration algorithm: In Algorithm 1, we show
our algorithm EnumAtMost for at most k-subtrees and its subprocedure RecAtMost. This is a simple backtrack algorithm, which starts from a singleton
tree as 0-subtree, and recursively expands the current (i−1)-subtree by attaching
a new node u to some node v = pa(u) on the current rightmost branch RM B(S)
to generate a new i-subtrees, until its size i becomes k (See [2]). Then, we say
that some node v ∈ T \ S can be added to S as a child of a node u = pa(v) on
RM B(S) if v is the younger than any child of u contained in S. Such a parent
node v on RM B(S) is called the extension point and u is called the associated
new child. If there is no such a node u, then the algorithm backtracks to the
parent subtree. The extension point set is the set XP (S) ⊆ RM B(S) of all
extension points of S. The next lemma gives the characterization of XP (S).
Lemma 1. For any u ∈ RM B(S), u ∈ XP (S) iﬀ there exists some v ∈ T \ S
such that (i) v > max(S) and (ii) v is younger than the youngest child of u in S.
Example 1. For the 5-subtree S3 = {2, 3, 8, 9, 10} in Fig.1, Lv(S4 ) = {3, 10} and
Bd(S4 ) = {4, 5, 11, 12, 13}, RM B(S4 ) = {2, 8, 9, 10}, and XP (S4 ) = {8, 9}.
We will show how to incrementally maintain the extension set XP (S) by
growing S. For a singleton tree S consisting with the root r = root(S) only, if
r has a child in T then XP (S) = {r}, and otherwise XP (S) = ∅. For a subtree
with more than one nodes, we have the next lemma.
Lemma 2. Let S be any k-subtree of T with k ≥ 2. Suppose that k ≥ 2 and a
k-subtree R = S ∪ {v} is obtained from a (k − 1)-subtree S by attaching a new
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child v to its extension point u = pa(v) ∈ XP (S). Then, XP (R) is the set of
vertices that satisﬁes the following (a)–(c):
(a) For the parent, pa(v) ∈ XP (R) iﬀ v has a properly younger sibling in T .
(b) For the child, v ∈ XP (R) iﬀ v has some child in T .
(c) For any old extension point x ∈ XP (S) other than pa(v), x ∈ XP (R) iﬀ x
is an ancestor of pa(v).
In condition (c) of the above lemma, we note that any extension point x is
either an ancestor or a descendant of pa(v) in XP (S) since XP (S) is a subset
of RM B(S), a branch in S.
Fast update of bit signatures: In our bit-parallel implementation of
EnumAtMost, for each k-subtree, we maintain two bit-vectors of length 2k, B =
BP (S) and X = RP OS(XP (S)), that represent the current subtree S and its
extension point set XP (S), respectively. For simplicity, we ﬁrst describe the
algorithm with bit-vectors whose length is no larger than the word length w =
Θ(log n). We eﬃciently update the bit-vectors B and X as follows.
Let i ≥ j and ONE ℓi:j = 0i−1 1j−1+1 0ℓ−j ∈ {0, 1}ℓ be the bit-mask of length
ℓ whose i to j bits are ﬁlled with 1 bits and the other bits are ﬁlled with 0
bits, which can be computed by shift and subtraction in constant time for i, j =
O(log n).
First, we initialize the bit-vectors B and X for the sets S = {r} and XP (S)
by the following code: B ← “01”; if r has a child on T then X ← “01” else
X ← “00”;
Next, the following code correctly updates the bit-vectors B and X when we
compute the extension point set XP (S ∪ {v}) for the new subtree S ∪ {v} from
XP (S) for the old one S, where q = rpos(v) and ℓ = len(B):
– B is updated as follows.
B ← (B & ONE ℓℓ−1:q+1 ) ≪ 2 | (“01” ≪ q) | (B & ONE ℓq:0 );
– X is updated as follows.
X ← { (“1” ≪ q − 1) if v has a properly younger sibling } // a parent
| { (“1” ≪ q) if v has some child };
// a child
| (X & ONE ℓq−1:0 ) ≫ 2
// others
From Lemma 2, we have the following lemma.
Lemma 3 (Update in the small subtree case). If 2k ≤ w, the above codes
correctly updates the bit-vectors B and X in constant time using O(1) words.
Lemma 4 (Update in the large subtree case). If k = O(2w ), the bit-vectors
B and X can be correctly updated in constant time using O(k/w) words.
Proof. Proof sketch: We represent bit-vectors B and X as a doubly linked list of
b = O(log n)-bits blocks, each of which are maintained to store consecutive bits
of length ⌈b/2⌉ < ℓ ≤ b (bits) similarly to [7]. In the update of B and X, we need
to update only constant number of blocks, and thus, takes constant time.
⊓
⊔
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Theorem 1 (Compressed enumeration of at most k-subtrees). For every
k ≥ 1, Algorithm 1 enumerates all compressed representations of the at most ksubtrees appearing in an ordered tree T in O(1) time per solution, generated on
the bit-vector B ∈ {0, 1}2k , using O(k/w) words of space in addition to the space
for an enumeration algorithm.
From the above theorem, we observe that for every k ≥ 1, all compressed
representations of exact k-subtrees in T can be enumerated in O(k) time per
compressed representation using the same amount of space as above.

4

Enumeration of exact k-subtrees in a tree

The second algorithm that we present in this section is the compressed enumeration version of the constant delay enumeration algorithm for uncompressed
k-subtrees in an ordered tree by Wasa et al. [17].
The outline of the algorithm: The basic idea of Wasa et al.’s algorithm
is as follows: Given a k-subtree S in an input tree T , we can obtain the other
k-subtree S ′ from S by deleting one node from S and adding one node to S.
By repeating this process recursively using backtracking, for each node r in
T , starting from the lexicographically least k-subtree with r as its root, we can
enumerate all k-subtrees with root r appearing in T by recursively transforming
the current k-subtree by the above process. This algorithm runs in O(1) time
per k-subtree by maintaining the node lists DL(S) ⊆ Lv(S) and AL(S) ⊆
Bd(S) to delete and to add, respectively. In Algorithm 2, we show our algorithm
EnumExact and its subprocedure RecExact.
Fast update of bit signatures: In the implementation with bit-operations,
we use three bit-vectors B, L, and A ∈ {0, 1}∗ , where B is the BP-vector as deﬁned in the previous section, L is the leaf-vector representing the set of leaves
to delete, and A is the add-vector representing the set of nodes to add.
In this section, we give the eﬃcient method for updating bit-vectors using bit
parallel technique. A node v is an exact extension point in S if one of children
of v can be attached to S. We deﬁne the sets AL(S) and DL(S) of nodes to add
and to delete, and the set EXP (S) of exact extension points by
DL(S) = { x ∈ Lv(S) | x < minbord(S) }.

(4)

AL(S) = { x ∈ Bd(S) | x > maxleaf (S) }.
EXP (S) = { x ∈ S | x = pa(v), v ∈ AL(S) }.

(5)
(6)

We give the following recurrence relation for Lv(S), Bd(S), and EXP (S).
In this subsection, ≤ denotes the DFS-ordering on T .
Lemma 5. Then, set is deﬁned for any subset S.
(a) If S = Ik is an initial k-subtree rooted at u, then AL(Ik ) is the set XP (Ik )
of all extension points, and DL(Ik ) is the set Lv(Ik ) of all leaves.
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Algorithm 2 The algorithm EnumExact for computing the feature vector H
for the bit signatures of all subtrees with exactly k nodes in an input tree T
based on constant delay enumeration
1: procedure EnumExact(T, k)
2:
H ← ∅;
// A hash table H representing a feature vector
3:
Number the nodes of T by the DFS-numbering;
4:
Compute the initial k-subtree Ik ;
5:
Initialize the related lists and pointers;
6:
RecExact(Ik , B, L, X; T, k);
7:
return H;
8: procedure RecExact(S, B, L, X; T, k)
9:
Output BS(S); p ← MSB(L);
10:
for each ℓ ∈ DelList(S) do
11:
for each β ∈ AddList(S) such that β ̸∈ Ch(max(Lv(S))) do
12:
S ← Child1 (S, ℓ, β) by updating the related lists and pointers;
13:
Update bit sequences B, L, X;
14:
RecExact(S, B, L, X; T, k);
15:
S ← P 1 (S) by restoring the related lists and pointers;
16:
Restore bit sequences B, L, X;
17:
Modify X;
18:
Proceeds p;
// to the next leaf position in L
19:
if S is a k-pre-serial tree then
20:
S ← Child2 (S) by updating the related lists and pointers;
21:
Update bit sequences sig(S), A, L;
22:
RecExact(S, B, L, X; T, k);
23:
S ← P 2 (S) by restoring the related lists and pointers;
24:
Restore bit sequences sig(S), A, L;

(b) Let S be any k-subtree, v ∈ AL(S), and u ∈ DL(S) such that v is not a child
of u. For any node x, the following conditions hold:
(i) S ′ = (S \ {u}) ∪ {v}.
(ii) Lv(S ′ ) = { x ∈ Lv(S) | x ̸= u } ∪ { x ∈ T \ Lv(S) | Ch(x) ∩ S = {u} }.
(iv) DL(S ′ ) = { x ∈ DL(S) | x < u } ∪ { x ∈ T \ DL(S) | Ch(x) ∩ S = {u} }.
(vi) AL(S ′ ) = { x ∈ AL(S) | x > v } ∪ { x ∈ T \ AL(S) | x ̸∈ Lv(T ) }.
During the enumeration, the algorithm explicitly maintains the lists Lv(S),
Bd(S), and EXP (S). Using these lists and the pointers to the maximum leaf
maxleaf (S) and to the minimum border node minbord(S), the algorithm implicitly represents the lists DL(S) and AL(S).
Next, we consider the generation of children of type I from Line 10 to Line 18
in Algorithm 2, and give the bit-parallel implementation of the update procedure
for bit-vectors B, L, X, and pointers p and q to them, while the lists Lv(S),
Bd(S) and EXP (S) are maintained by the algorithm. During the enumeration,
we maintain B, L, and X such that B = BP (S), L[rpos(v)] = 1 iﬀ v ∈ Lv(S),
and X[rpos(v)] = 1 iﬀ v ∈ EXP (S) for every v ∈ T . For initialization, we set
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B = BP (Ik ), L = RP OS(Lv(Ik )), and X = RP OS(EXP (Ik )) in O(k) time
by traversing the initial k-subtree Ik ).
Definition 1 (Update for children of type I). Suppose that we generate a
child k-subtree S ′ = (S \{u})∪{v} of type I from the parent S. Then, we update
the bit-vectors B, L and X as follows, where p = rpos(u) and ℓ = len(B):
– The right position q = rpos(v) can be computed from the bit-vector X using
M SB by the following code: q ← MSB(X);
– B is updated by deleting the two bits “01” from right position p for node u,
and inserting the two bits “01” for node v at right position q − 1.
B ← (B & ONE ℓℓ−1:p+2 ) | (B & ONE ℓp−1:q+1 ) ≫ 2;
B ← B | (“01” ≪ q) | (B & ONE ℓq:0 );
– L is updated similarly to B. In addition, the two bits surrounding the delete
position for u are overwritten with “01”:
L ← (L & ONE ℓℓ−1:p+3 ) | (L & ONE ℓp−1:q+1 ) ≪ 2 | (“01” ≪ q)
| (L & ONE ℓq−1:0 ) | { (“01” ≪ p + 1) if Ch(pa(u)) = {u} };
– X is updated similarly to B. In addition, the two bits surrounding the delete
position for u are overwritten with “01”:
ℓ
) | { (“1” ≪ q) if v has a child }
X ← (X & ON Eq−1:0
| (“1” ≪ q − 1) if (∃younger sibling r of v) r ̸∈ S;
Moreover, after the for-loop at line 17, we update X by deleting the extension
point at the highest position one by one:
X ← X & ( ∼ (“1” ≪ (MSB(X) − 1))) if v has no younger sibling in T ;
– We proceed the pointer p = rpos(u) at line 18 by: p ← MSB(L & ONE ℓ1:p−1 );
Next, the code from Line 19 to Line 24 generates the children of type II
updating the bit-vectors B, L, and X.
Definition 2 (Update for children of type II). Suppose that we generate
a child k-subtree S ′ = (S \ {u}) ∪ {v} of type II from the parent S. Then, we
update the bit-vectors B, L and X as follows:
– The right position q can be computed q ← MSB(X);
– B is updated by deleting the most left bit of B and the most right bit of B,
and inserting the two bits “01” for node v position q.
2k
B ← (B & ONE 2k
2k−2:q+1 ) ≪ 1 | (“01” ≪ q − 1) | (B & ONE q:1 ) ≫ 1;
– L is updated similarly to B. In addition, the right position bit of the inserting
node v, is overwritten with “0”.
2k
L ← (L & ONE 2k
2k−2:q+1 ) ≪ 1 | (“01” ≪ q−1) | (L & ONE q−1:1 ) ≫ 1;
– X is updated by overwriting bits in the left of q with “0”. In addition, two
bits are overwritten with “1” if corresponding nodes satisfy some conditions.
2k
X ← (X & ON Eq−1:1
) ≫ 1 | { (“1” ≪ q − 1) if v has a child; }
| (“1” ≪ q − 2) if (∃younger sibling r of v) r ̸∈ S;
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In the small tree case that 2k ≤ w, it follows from Lemma 5 that the above
procedure correctly updates the data structure in constant time per iteration
using O(1) words. In the large tree case that k = O(2w ), a similar discussion
to Lemma 4 shows that the procedure also run in constant time using O(k/w)
words. Therefore, we have the following theorem.
Theorem 2 (Compressed enumeration of exact k-subtrees). Let T be an
input tree and k be a positive integer. The algorithm EnumExact in Algorithm 2
enumerates all compressed representations of the exact k-subtrees appearing in
T in O(1) time per compressed representation, generated on the bit-vector B ∈
{0, 1}2k , using O(k/w) words of space in addition to the space for an enumeration
algorithm.
From the above theorem, we obtained a constant-delay algorithm for compressed enumeration for exact k-subtrees, which improves on the O(k)-delay
algorithm in Sec. 3 by a factor of O(k).
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Experiments

In the experiments, we compared the running time of the algorithms in Sec. 3 and
Sec. 4 on artiﬁcial and real datasets. We implemented in C++ the algorithms
EnumAtMost in Sec.3 and EnumExact in Sec.4, denoted by Atmost(α) and
Exact(α), respectively, where α indicates the types of algorithms as follows:
– “Enum” enumerates subtrees without printing them.
– “Naive” is the original algorithm that ﬁrst enumerates a subtree and then
computes its bit signature.
– “Fast” is the modiﬁed algorithm that directly enumerates the bit signature
of a subtree with bit-parallel signature maintenance.
R
The algorithms were complied by g++ 4.2.1 and were run on a PC (CPU Intel⃝
Xeon(R) 3.6GHz, 34GB RAM) operating on Ubuntu OS 13.04.
Comparison of algorithms on real data: As input, we use a phylogenetic
tree of inﬂuenza virus of n = 4240 nodes, which was constructed from virus data
in NCBI Inﬂuenza Virus Resource4 by neighbor-joining method. In Fig.2, we
show the running time of algorithms for computing the feature vector ϕ(T ) of
an input tree T varying the size of subtrees for k = 15 to 19. From this ﬁgure,
for each of Exact and Atmost, the fast version (Fast) was faster than the naive
version (Naive). For example, the speedup ratio for k = 19 were 36% for Exact,
and 22% for Atmost. It depends on the type of update α which is faster between
Exact and Atmost. In the case of Exact, the overhead of computing bit signatures
over enumeration only (Enum) are 6 times for Fast and 9.5 times for Naive.
Comparison of algorithms on artificial data: We used a artiﬁcial tree
with size n = 35, which has depth one and consists of a root node and 34 leaves.
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http://www.ncbi.nlm.nih.gov/genomes/FLU/
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Fig. 2. The running time against the subtree size k on the real phylogenetic tree
with n = 4240 nodes.
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Fig. 3. The running time against the subtree size k on the artiﬁcial tree with n =
35 nodes and depth one.

Fig.3 shows the result of experiment. The fastest algorithm was Exact(Fast),
which was 34% faster than Exact(Naive) for k = 18.
Computing the gram matrix of a set of trees: To evaluate the usefulness of our algorithms in the context of tree mining [8,12], we applied Exact(Fast)
to similarly matrix computation [10,11]. We computed M = 70, 532 dependency
trees, one tree per one Japanese sentence, in total size 1, 140, 098 nodes and
3.8 MB from a Japanese newspaper corpus5 in 44.9 MB by CaboCha.6 Their
average and standard deviation sizes are 16.16 and 12.65 (nodes). Applying Exact(Fast) to this dataset with k = 4, we computed the M × M -similarly matrix
for 4-subtrees using cosine-tree distance in 1, 276.12 seconds, where only 0.1%
(1.61 seconds) of the time was spent for computing feature vectors and 99.9%
for matrix computation.
Summary of experimental results: Overall, the proposed method (Fast)
achieved around 22% to 30% speedup over the naive method (Naive). From the
last experiment, the proposed method seems to have reasonable performance for
data mining from middle size datasets.
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Conclusion

In this paper, we studied the tree similarity based on bounded-sized ordered
subtrees using fast compressed k-subtree enumeration. We presented two speed
up techniques for bit signature generation based on bit-parallel approach. It is
an interesting future problem to extend this work for various types of subtrees
will be another future research problem including unordered subtrees.
5
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