
Manuscript, IST, Hokkaido University, 27 May 2014 (submitting)

Efficient Mining of Closed Flock Patterns from
Large Trajectory Data

Hiroki Arimura1 and Takeaki Uno2

1 Hokkaido University, N14 W9, Sapporo 060-0814, Japan
{arim,tkg,gengxiaoliang}@ist.hokudai.ac.jp

2 National Institute of Informatics, 2-1-2 Hitotsubashi, Tokyo 101-8430, Japan
uno@nii.jp

Abstract. In this paper, we study the closed pattern mining problem for a
class of spatio-temporal patterns, called closed (k, r)-flock patterns in trajec-
tory databases. A (k, r)-flock pattern (Gudmundsson and van Kreveld, 2006)
represents a set of moving objects traveling close each other within radius r
during time period of length k. Based on the notion of the envelope for a flock
pattern, we introduce the class of closed flock patterns, which is a maximally
dense pattern obtained by adding new objects as long as the shape does not
change. Then, as a main result, we present a polynomial delay and space
mining algorithm that finds all closed (k, r)-flock patterns with specified ra-
dius and more than one entities appearing in an input trajectory database.
This algorithm is designed based on depth-first search over the tree-shaped
search space for all closed flock patterns appearing in an input database. We
also show theoretical analysis of some properties including compactness of
closed flock patterns.

1 Introduction

Sequence data mining is one of the most fundamental task to access and analyze un-
structured data. Among them, sequence pattern mining from a set of strings has been
extensively studied since the beginning of data mining research [2,14]. Besides this,
by the rapid progress of mobile and location sensing technologies, a massive amount
of trajectory data from mobile sensors such as GPS, WiFi-positioning, smart phones,
have become widely available for the last decade [15]. This adds a new dimension
to the study on sequence data mining [5,9,11,12,18–20]. Since such trajectory data
are large collections of sequences of real-valued and time-stamped location data in
a metric space with errors and missing values, it is not a straightforward task to
discover meaningful patterns from such massive trajectory data [9, 12,20].

In this paper, we study a sequence mining problem for a class of spatio-temporal
patterns, called closed (k, r)-flock patterns [5] in trajectory databases. For integer
k ≥ 1 and real number r > 0, a (k, r)-flock pattern (Gudmundsson et al. [10],
Benkert et al. [5]) represents a proximity pattern such that a set X of moving objects
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Fig. 1. An example of trajectory database S, a flock pattern F with object set X =
{p1, p2, p3}, and a closed flock pattern G with object set Y = {p1, p2, p3, p4, p5}, where the
duration I = [2..4] = {2, 3, 4} is common to F and G. The outer circles have radius r, and
the inner circles are the minimum bounding disks constituting the envelope of F and G.

traveling close each other with radius no more than r in duration I of consecutive k
time steps 3 in a collection of n trajectories with length T .

A potential problem in flock pattern mining is the large number of discovered
patterns. In the original definition [5, 10], any subsets of objects of a given radius-
r pattern can be proper radius-r patterns. Hence, this simple definition causes a
drawback that there are exponentially many redundant patterns with similar shapes
(For example, see Theorem 1 in Sec. 4). To overcome this problem, this paper tackles
the problem of mining closed patterns in the framework of flock patterns.

Based on the notion of the shape of a flock pattern, called the envelope, we intro-
duce the class of closed flock patterns. A closed flock pattern is a set-based maximal
pattern defined by a mapping called the closure operator , which transforms a given
pattern to a maximal pattern including as many moving objects as it can without
violating the shape constraint (or the envelope) in a given database. Introducing
the equivalence relation ≡I,S induced in the envelopes, we give a characterization
of the class of closed (k, r)-flock patterns in a given database. We also give upper
and lower bounds analysis, which reveals the compactness of the proposed closed
patterns compared to the original flock patterns.

Finally, we consider the mining problem for closed flock patterns. After re-
viewing a straightforward breadth-first mining algorithm NaiveFindClosedFlock with
polynomial delay, but with requiring exponential space for table-lookup, we de-
vise an efficient depth-first mining algorithm CloFPM for our target class. As main
result, we present an efficient algorithm CloFPM that finds all closed (k, r)-flock
patterns F with specified radius, length, and more than one entities appearing in
an input trajectory database without duplicates. Using carefully designed depth-
first search strategy over a tree-shaped search space, we show that the algorithm
CloFPM runs in O(kn2) = O(Nn) time per pattern and O(m2) working space,
where N = ||S|| = O(nT ) is the total input size and m is the number of objects
that discovered pattern F contains. Since the delay (time per pattern) and space of
the algorithm is polynomially bounded by the input size, this gives the first poly-

3 Although the original paper [5] studied mining of (m, k, r)-flock patterns, where m is the
minimum number of moving objects, we take only the duration length k and maximum
radius r into account considering (k, r)-flock patterns only.
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nomial delay and space algorithm. We also shows some theoretical analysis of some
properties including compactness of closed flock patterns.

1.1 Related work

Laube et al. [12] first introduced a subclass of flock patterns with k = 1, called
flock, meet, diverge, and leadership. Benkert et al. [5] proposed the original class of
(m, k, r)-flock patterns, and presented a (2+ ε)-approximation algorithm for finding
at most nT (m, k, cr)-flock patterns running in poly(n, T, 1

ε )exp(k) time and O(nT )
space for constant c = 2+ε. From our analysis (Theorem 1 in Sec. 4), we see that the
number nT of discovered patterns is much smaller than that of true patterns even
if they did not consider closed patterns. Gudmundsson and van Kreveld [10] first
considered a kind of closed flock patterns, where the problem of finding some flock
pattern maximizing their duration length k is shown to be NP hard even with ap-
proximation, while the problem for the class of varying subset flock patterns, where
entities constituting a flock can change within a duration, can be solved O(Tn3 log n)
time allowing (2 + ε)-approximation for radius [10]. Unfortunately, the time com-
plexities of the above algorithms depend exponentially in d ≥ 1 and k ≥ 1.

Vieira et al. [18] presented an online algorithm that finds the complete set of all
(m, k, r)-flock patterns based on enumeration of r-disks in polynomial delay, while it
can produce duplicated patterns more than once without using exponential look-up
table. As heuristic algorithms, Geng et al. [19] presented a heuristic algorithm for
a subclass of length-maximal patterns, and applied it to real GPS-trajectory data.
However, their algorithm requires exponential space to maintain a look-up table to
avoid repeated discovery of the same patterns. Recently, Arimura et al. [1] studied
the problem of finding duration-maximal, but not envelope-based closed, (∗, r)-flock
patterns without cardinality constraint, and presents a polynomial delay and space
algorithm for the problem. Since they did not consider the envelope-based closed
patterns, and it is not directly applicable to the problem in this paper.

Over all, the contributions of our algorithm is summarized as follows. Our algo-
rithm is (i) the first time to achieve the complete mining of all patterns based on
enumeration approach, (ii) having theoretical performance guarantee for polynomial
delay and space, and (iii) also for the first time to consider the closed pattern based
on the shapes (or envelopes) of sub-trajectories. Due to the space limit, this paper
includes theoretical analysis only. Report on practical implementation and empirical
performance evaluation will be most important future problems.

Organization of this paper: Sec. 2 prepares definitions on trajectory databases
and flock patterns. Sec. 3 introduces the class of closed flock patterns based on
envelopes, and Sec. 4 analyzes their properties. Sec. 5 discuss a straightforward
approach. analyzes properties of the class of closed patterns. Sec. 6 presents the
proposed polynomial delay and space algorithm for finding all closed flock patterns,
and also gives an improved algorithm using spatial index. Sec. 7 concludes this paper.

2 Preliminaries
In this section, we prepare some definitions and notation that will be used in this
paper. The definitions not defined here will be found in textbooks [7, 8, 15].
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Fig. 2. Minimum bounding disks of a point set S. The minimum enclosing circle (left) and
the minimum bounding box (right). Note that a box can be irregular (skew, equal side
lengths), while a circle is isotoropic (non skew, isotropic)

2.1 Basic definitions

We denote by R, Z = {0,−1, +1, . . .} and N = {0, 1, 2, . . .}, the sets of all real
numbers, all integers, and all non-negative integers, respectively. For real numbers
a, b ∈ R, the notations [a, b] and (a, b) denote the closed and open intervals { x ∈
R | a ≤ x ≤ b } and { x ∈ R | a < x < b }, respectively. For integers i, j, [i..j] denotes
the discrete interval {i, i + 1, . . . , j}. For a set A, |A| denotes its cardinality , and
A∗ denotes the set of all finite sequences. For a sequence S = a1 · · · an ∈ A∗ of n
elements in A, and i ≤ j ≤ n, we define S[i] = ai, S[i..j] = aiai+1 · · · aj , and |S| = n.

2.2 Metric Space

We introduce metric spaces and related notions in computational geometory [8]. A
metric space is a pair M = (V, δ) of a set V of points, called the spatial domain and a
function δ : V 2 → [0,∞), called the metric, where δ satisfies the following conditions
(i)–(iii): for any points p, q, r in V , (i) δ(p, q) = 0 iff p = q; (ii) δ(p, q) = δ(q, p); (iii)
δ(p, q) + δ(q, r) ≥ δ(p, r).

Among many metric spaces, we focus on the metric spaces M = (Vd, δλ) defined
as follows. Let d ≥ 1 be any positive integer and λ = 1, 2, . . . ,∞. Consider the d-
dimensional continuous space Vd = Rd. For any point p = (p1, . . . , pd) ∈ Rd of Vd, we

define the Lλ-norm of p by the nonnegative number Lλ(p) △=
(∑d

i=1 |pi|λ
)1/λ

≥ 0

for λ = 1, 2, . . ., and L∞(p) = maxd
i=1 |pi| for λ = ∞. Then, the associated metric

δλ, called the Lλ-metric, is defined by δλ(p, q) △= Lλ(p − q) ≥ 0 for any points p, q
in Vd [8]. For a set of n points S ⊆ Vd, we define the radius of S w.r.t. Lλ-metric as
r(S) = rλ(S) △= minc∈V maxp∈S δλ(c, p) ≥ 0. If it is clear from context, we will omit
the subscripts d and λ, and simply write p ∈ V or δ(p, q). Two important cases of
metric spaces are λ = 2 (Euclidian space, L2-space) or λ = ∞ (L∞-space), which
will be mainly considered in this paper.

2.3 Disks and minimum bounding disks

We introduce geometric objects, such as disks and minimum bounding disks (MBDs)
in M = (Dd, δλ), which will be used to define the envelopes of flock patterns. We
define them for L2- and L∞-metrics, separately. Let S ⊆ V be a set of n points in M.
Below, we define the size of the minimum bounding disk MBDλ(S) and the radius
r(S) of S so that r(MBDλ(S)) = r(S). For convention, we assume that MBD(∅) = ∅
and MBD({x}) = ∅ for a point x ∈ V in the followings. In all of our results in this
paper, we assume that the dimension d ≥ 1 is a fixed parameter.
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L2-metric: A disk in L2-metric is a ball D
△= { p ∈ V | δ(c, p) ≤ r } ⊆ Vd, where

c(D) = c ∈ V and r(D) = r are the center and radius of D. Then, we denote the
size by size(D) = r(D) ≥ 0 and volumn by v(D) ∝ rn ≥ 0. The MBD of S is
the minimal ball MBD2(S) containing all points in S over all centers c ∈ V . In L2,
MBD2(S) is unique, and computable in linear time in n for any fixed dimension
d ≥ 1. 4

L∞-metric: A disk in L∞ is an axis-parallel box D =
∏

1≤i≤d[ai, bi] ⊆ Vd, where
ai ≤ bi ∈ R for every i = 1, . . . , d. We define the center by c(B) = (c1, . . . , cd) ∈ Vd,
radius by r(B) = max1≤i≤d |bi − ai| ≥ 0, the size by size(D) = r(D), and volumn
by v(D) =

∏
i |bi − ai| ≥ 0, where ci = |bi − ai|/2. Note that a box need not have

equal sides. The MBD of S is uniquely determined and can be computed in O(dn)
time as the box D =

∏
i[ai, bi] such that ai = minp∈S pi and bi = maxp∈S pi for

every i ∈ [1..d].

2.4 Trajectory databases

Let (O, T,M) be a a triple, schema, such that (i) a set O = {1, . . . , n} of n ≥ 1
moving objects; (ii) an interval T = [1..T ] ⊆ N with width T ≥ 1; (iii) A metric
space M = (V, δ) = (Vd, δλ) with dimension d ≥ 1 with Lλ-metric.

In the above, we call elements of O, T, and V , respectively, moving objects (or
objects), time points (or times), and location points (or points).

A trajectory database (or database, for short) is a collection

S = { si = s[i][1] · · · s[i][T ] ∈ V T | i ∈ O } ⊆ V T , (1)

of n trajectories, where for every i ∈ [1..h], si is a sequence of T points, called a
trajectory , that represents the sequence of locations s[i][1], . . . , s[i][T ] ∈ V of object
i ∈ O at consecutive T time points t1 < t2 < · · · < tT in T, where the time points are
sampled with equal time steps such as ti = ti−1+1, i = 2, . . . , T . For a subset X ⊆ O
and t ∈ T, we define the t-th location set by S[X][t] △= { S[i][t] ∈ V | i ∈ X } ⊆ V.

2.5 Flock patterns

First of all, we define the class of flock patterns according to [5] as follows.

Definition 1 (flock pattern). A flock pattern (FP) is a pair F = (X, I) of a subset
X ⊆ O of moving objects and a time interval I = [b, e] ⊆ T.

For a flock pattern F = (X, I = [b, e]), we denote by F.set = X, F.span = I,
F.start = b, and F.end = e, and call them the subset , duration, start time, and end
time of F , respectively. The subset size of F is defined by |F.set| ≥ 0 and its duration
length is defined by len(F ) = |I| = e − b + 1. For a pattern F = (X, I), the radius
of the subset X w.r.t. I and S is defined by rI,S(X)rI,S = maxt∈I r(S[X][t]) ≥ 0,
i.e., the maximum radius of the t-th location sets within the duration I.

In Fig. 1, we show an example of trajectory database S, a flock pattern F with
object set X = {p1, p2, p3}, and a closed flock pattern G with object set Y =
{p1, p2, p3, p4, p5}, where the duration I = [2..4] = {2, 3, 4} is common to F and G.

4 The minimum enclosing circle of a point set is linear time computable [13] by solving
linear programming in fixed dimension in lenear time. (See Megiddo [13]).
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2.6 Model of computation
To formalize the notion of efficient mining algorithm, we employ the output-sensitive
complexity of enumeration algorithms (See, e.g., [4]). An enumeration algorithm A
receives an input I with input size N = |I|, and outputs all of M solutions in the
answer set Sol(I) without duplicates. Then, A is of POLY-DELAY (polynomial
delay) if the delay , i.e. the maximum computation time tdelay between any consec-
utive outputs, is bounded by some polynomial in N , i.e., tdelay = poly(N), If A is
of POLY-DELAY, then it is OUTPUT-POLY. A is of POLY-SPACE if the maxi-
mum space used is polynomial in N . As a computation model, we use the standard
RAM [7].

3 Closed flock patterns based on Envelopes
In this section, we introduce the closed flock pattern mining problem in a trajectory
database. In what follows, we assume that either λ = 2 or λ = ∞. Furthermore, let
us fix a database S and any I ⊆ T throughout this section.

3.1 Envelope patterns
Now, we introduced closed flock patterns based on their shapes, called envelopes.
We denote by X △= 2O the domain of all subsets of objects in O. We simply call
elements of X subsets.

Definition 2 (envelope pattern). An envelope pattern (or envelope, for short)
with length k ≥ 1 in M is a sequence P = ((D1, t1), . . . , (Dk, tk)) ∈ (D×T)k, where
(1) D1, . . . , Dk are disks in M, and (2) t1 ∈ T is some time point, and (3) t2, . . . , tk
are time points in T defined by tj = tj−1 + 1 for every j ∈ [2..k].

We define the radius of P by r(P ) = maxj∈[1..k] size(Dj) ≥ 0, the duration by
duration(P ) = [t1..tk], and the length by len(P ) = k. We denote by Pk the class of
all envelope patterns in M.

We give the semantics of envelope patterns as follows. For an object i ∈ O, an
object i is an occurrence of an envelope pattern P in database S if for every j ∈ [1..k],
the tj-th point of S[i] = si is contained in the j-th disk of P , that is, S[i][tj ] ∈ Dj .

Definition 3 (location list). The location list of an envelope P is any ordered list
LocS(P ) = (x1, . . . , xf ), 1 ≤ x1 < · · · < xf ≤ n of all occurrences x1, . . . , xf ∈ O of
P in S ordered increasingly, where f ≥ 0.

Then, we associate a canonical envelope pattern to each flock pattern in S as
follows.

Definition 4 (minimal envelope). Let I = [t, t+k−1] ⊆ T be a duration of length
k and S be a database. Then, the minimal envelope of a flock pattern F = (X, I)
w.r.t. I and S is given by the envelope Env I,S(X) △= P = ((D1, t1), . . . , (Dk, tk)),
where Dj is the minimum bounding box of the j-th location set of X, that is,
Dj = MBDλ(S[X][tj ]), for every j = 1, . . . , k

Lemma 1. For any envelope P and any flock pattern F = (X, I) with length k,

– LocS(P ) is well-defined, unique, can be computed in O(kn) time.
– Env I,S(X) is well-defined, unique, can be computed in O(k|X|) time.
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3.2 Closed flock patterns based on envelopes
We define the operator ClosureI,S : X → X that transforms a given subset to its
canonical form as follows. Let S be any database and I ⊆ T be any duration. For
any subset X ⊆ O, we define the closure of X w.r.t. I and S by ClosureI,S(X) △=
LocS(Env I,S(X))

Lemma 2. For any X ∈ X , ClosureI,S(X) is well-defined, uniquely determined, and
can be computed in O(kn) time, where k = len(I) and n = |S|.

Lemma 3. For database S and duration I ⊆ T, properties (i)–(iv) below hold:

(i) X ⊆ ClosureI,S(X) (extensivity);
(ii) X ⊆ Y implies ClosureI,S(Y ) ⊆ ClosureI,S(X) (monotony);
(iii) ClosureI,S(X) = ClosureI,S(ClosureI,S(X)) (idempotency);
(iv) rI,S(ClosureI,S(X)) = rI,S(X) (radius preserving);

Now, we define our class of closed flock patterns based on envelopes.

Definition 5 (closed flock patterns). A flock pattern F = (X, I) is a closed flock
pattern (CFP) w.r.t. S if ClosureI,S(X) = X holds.

Similarly, we define Cr
I,S = { X ∈ X |ClosureI,S(X) = X } ⊆ X . We call an

element X ∈ CI,S a closed subset w.r.t. I and S.
In what follows, we denote by CFS the class of all closed flock patterns in S.

For all duration I ⊆ T and radius r > 0, we define the subclasses: CFr
S = { F ∈

CFS | rI,S(F ) ≤ r }, CFI,S = { F = (X, I) ∈ CF |X ⊆ O }, CFr
I,S = CFI,S ∩ CFr

S .
Similarly, we define the classes FS , FI,S , Fr

S , and Fr
I,S of flock patterns.

4 Properties of Closed Patterns
In this section, give some properties of closed flock patterns. We start with intro-
ducing a binary relation ≡I,S over X w.r.t. duration I and database S.

Definition 6. For any subsets X, X ′ ∈ X , if Env I,S(X1) = Env I,S(X2) holds, then
we say that X and X ′ are equivalent w.r.t. I and S, and write X ≡I,S X ′,

Lemma 4 (properties of ≡I,S). The following properties hold:

(i) The binary relation ≡I,S is an equivalence relation over all subsets of O.
(ii) For any subsets X, X ′ ∈ X , if X1 ≡I,S X2 then rI,S(X1) = rI,S(X1).

On the other hand, the converse of the above (ii) does not hold in general.
Next, we introduce the canonical forms for envelopes as follows. An envelope P with
duration I is in canonical form w.r.t. S if Env I,S(LocS(P )) = P holds. A canonical
envelope is the tightest envelope containing the same location list. We denote by CP
the class of all canonical envelopes w.r.t. S.

Lemma 5 below says that the class of closed flock patterns CF is a compact
representation of F, associated to the class of envelopes.

Lemma 5 (properties). Let I ⊆ T be any fixed duration.
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(i) Any closed flock pattern F = (X, I) ∈ CF is the unique flock pattern with the
largest cardinality |X| among all flock patterns with the same duration I and
have the same envelope as their shapes.

(ii) There is a one-to-one correspondence between CFI,S and X/≡I,S.
(iii) There is a one-to-one correspondence between CFI,S and CPI,S.

Theorem 1 below says that the number of non-closed flock patterns can be ex-
ponential in the number of objects, while the number of closed flock patterns is at
most polynomial in n, however, still exponential in d and k.

Theorem 1 (compactness of closed flock patterns). Let I ⊆ T be any fixed
duration with length k, T = k, and S ⊆ (Vd)T be a set of n trajectories. Then, for
λ = ∞, we have: (1) |Fr

I,S | = 2Θ(n). (2) |CFr
I,S | = nO(dk).

Proof. For the proof, see Appendix. ⊓⊔

From the above observation, our goal is to devise efficient enumeration algorithm
for closed flock pattern whose delay is polynomial in all of n, d, and k.

Now, we state our data mining problems as follows. Let d ≥ 1, and λ = 2 or
λ = ∞.

Definition 7. The closed flock pattern discovery problem in M = (Vd, δλ):
Given an object domain O = [1..n], n ≥ 1, positive integer k ≥ 1, a positive number
r > 0, and a set S = {s1, . . . , sn} ⊆ (Vd)T of n input trajectories in M = (Vd, δλ)
with length T ≥ 1, the task is to find all closed (k, r)-flock patterns F ∈ CFr

S

appearing in S without duplicates.

5 A straightforward approach
In this subsection, we will present a straightforward breadth-first approach with
polynomial delay, but exponential space. As terminology, if F = (X, I) is a closed
flock pattern in S, we also say that the subset X is a closed subset in S. Since the
operator ClosureI,S and equivalence relation ≡I,S are defined with I, this terminology
is consistent to the definitions introduced in the previous section.

Given any object subset X ⊆ O, we can obtain a new closed pattern by computing
Y = ClosureI,S(X ∪ {i}) w.r.t. database S for some new object i ∈ O \ X. From
(i) and (iii) of Lemma 3), we observe that Y is a closed flock pattern such that
X ⊂ Y . Conversely, an argument similar to (Boley et al. [3, 6]) show the inductive
property that any closed subset Y can be obtained by Y = ClosureI,S(X ∪ {i}) for
some smaller closed subset X and some i ∈ O \ X.

Based on this inductive approach, In Fig. 3, we present a breadth-first algorithm
NaiveFindClosedFlock. By careful analysis, we can show that this algorithm runs in
polynomial delay, namely, O(dkn2) = O(Nn), where N = ||S|| = O(dkn). From
the above argument, the algorithm correctly generates all closed flock patterns in
S. Nevertheless, this inductive approach does not ensure the uniqueness of the enu-
meration. Thus, we use a hash table H for storing all intermediate answers to avoid
duplicated answers. Thus, the space of this algorithm can be exponential in N from
Theorem 1.
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procedure NaiveFindClosedFlock(S, k, r)
Input : database S ⊆ (Vd)T , k ≥ 1, r > 0;
– For all t← 1, . . . , T − k + 1, do:

(i) Initialize a queue U ← ∅; Initialize a hash table H ← ∅; I ← [t, t + k − 1];
(ii) While (U ̸= ∅), do the followings:

• X ← U.pop();
• For all i ∈ O \X, do the followings:

(a) Y ← ClosureI,S(X ∪ {i});
(b) If Y ̸∈ H, then output the closed pattern F = (Y, I) ∈ CFI,S , register Y

to the hash table H, and add Y into U ; Otherwise, do nothing;

Fig. 3. A naive breadth-first mining algorithm for all closed (k, r)-flock patterns in S.

6 A Polynomial Delay and Space Algorithm

In this section, we give an efficient depth-first mining algorithm CloFPM for finding
all closed (k, r)-flock patterns in a given trajectory database S with n trajectories of
length T in O(dkn2) time per pattern and O(dm2) working space, where k = len(I)
is the length, m = |X| and r is a maximum radius of a closed pattern F = (X, I) to
output.

6.1 Outline of our DFS mining algorithm

Now, we present our polynomial delay and space mining algorithm for closed (k, r)-
flock patterns. We explain the basic idea of our approach, which is based on depth-
first search (DFS) for all closed flock patterns. We employ a similar strategy as
depth-first closed set algorithm based on reverse search approach, such as LCM
(Uno et al. [17]), MaxMotif [2], or Boley et al. [6]. In the construction, we enumerate
the class Cr

I,S = {X ⊆ O |F = (X, I) ∈ CFr
I,S } ⊆ 2O. of all object subsets of closed

flock patterns with duration I for each duration I ⊆ T.
To do this, we first construct a virtual spanning tree T = (V,P,⊥) over target

class CFr
I,S of closed flock patterns appearing in a database S, which is called a

family tree, where the vertex set V is the set of all object subsets for closed flock
patterns and the root is the smallest closed subset ⊥ △= ClosureI,S(∅) w.r.t. S.

6.2 Parent function

The key of the algorithm is the construction of the function P : Cr
I,S\{⊥} → Cr

I,S that
assigns the parent X = P(Y ) ∈ Cr

I,S to a given child object subset Y ∈ Cr
I,S \ {⊥}.

Let Y ∈ Cr
I,S be an object subset such that Y ̸= ⊥. Let tailY = max(Y ) be the

maximum element of Y , called the tail of Y . For every i ∈ [0..tailY ], the i-th prefix
of Y is the subset Y [0..i] = Y ∩ [0..i] = {x ∈ Y |x ≤ i } consisting of the elements of
Y that are smaller or equal to i. Then, the critical index of y is given by an object

i∗ = critI,S(Y ) △= max{0 ≤ i ≤ tailY |ClosureI,S(Y [0..i−1]) ̸= ClosureI,S(Y )}. (2)

Note that ClosureI,S(Y ) coincides to Y if Y is closed. Using the above notions, we
give the parent function P.
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Definition 8 (parent function). Let Y ∈ Cr
I,S be an object subset such that

Y ̸= ⊥. Then, the parent P(Y ) of Y is given by P(Y ) △= ClosureI,S(Q), where
Q = Y \ {i∗} for the critical index i∗ = critI,S(Y ).

Lemma 6. Let I be any duration. Suppose that X = P(Y ) for closed flock pattern Y
such that Y ̸= ⊥. Let F = (X, I) and G = (Y, I) be the flock patterns corresponding
to X and Y , respectively. Then,

(i) Whenever Y ̸= ⊥, X is well-defined, and unique.
(ii) |Y | > |F |.
(iii) If rI,S(G) ≥ r then rI,S(F ) ≥ r.
(iv) If len(Y ) = len(X).
(v) If G is closed in S then F is closed in S.

Suppose that T = (V,P,⊥) is a directed graph, where V = Cr
I,S is the vertex set,

P is the set of reverse edges that assigns the parent to a child, and ⊥ is the unique
root. Then, over target closed flock patterns appearing

Theorem 2. The family tree T = (V,P,⊥) is (i) connected, (ii) acyclic, and (iii)
contains all elements of Cr

I,S. That is, T is a spanning tree over all closed flock
patterns Cr

I,S.

Proof. From (i), (ii), and (iii) of Lemma 6, any ascending sequence of ancestors
starting from any closed subset Y ∈ CI,S always terminates when it reaches ⊥.
Moreover, if Y satisfies rI,S(Y ) ≤ r, so do all the ancestors. Hence, T is connected
and acyclic, containing all elements of Cr

I,S ⊓⊔

From Theorem 2, we can construct an depth-first enumeration algorithm for all
elements of Cr

I,S that starts from the root ⊥, and traverses the whole search space
from smaller to larger. At each vertex X in T , the algorithm generates and visits all
children Y from parent X by following a reverse edge. If there is no children at vertex
X, we discard X and then backtrack to the parent. The uniqueness of the visit to
each vertex is ensured by the property that each non-empty child Y ̸= ⊥ has exactly
one smaller parent X = P(Y ) such that X ⊂ Y . If it is correctly implemented, the
algorithm requires only the storage proportional to the depth of the tree times the
size of largest pattern in addition to the working space for computing children from
a parent.

6.3 The algorithm and its analysis
The remaining thing is how to systematically generate all children subset Y from a
given parent subset X. This is done by the following procedure, called the prefix-
preserving extension (PPC-extension, for short), which was introduced first time for
a mining algorithm LCM for closed itemsets in a transaction database ( [17]).

Definition 9 (children generation). Let X, Y ∈ Cr
I,S be object subsets such that

Y ̸= ⊥. Then, Y is said to be a child generated from X by PPC-extension if

(i) Y
△= ClosureI,S(X ∪ {i}) for some i > j∗, and

(ii) X ∩ Y [1..i − 1] = ∅ holds,

where j∗ = critI,S(X) is the critical index of X, and i is called the key.
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1: procedure ClosedFPM(S, k, r)
2: for t← 1, . . . , T − k + 1 do ◃ Iterate for all duration I
3: ⊥ ← ClosureI,S(∅); ◃ The root element ⊥
4: DepthFirstClosedRec(⊥, 0, ∅; I = [t, t + k − 1], |S|, k, r, S);

5: end for

6: procedure DepthFirstClosedRec(X, i0, B0; I, n, k, r, S)
7: Output the current flock pattern F = (X, I);
8: B ← B0; ◃ Inhibited set for PPC-condition
9: for i← i0 + 1, . . . , n do ◃ Iterate for all new objects

10: Y ← ClosureI,S(X ∪ {i});
11: if ((i) rI,S(Y ) ≤ r and ◃ (i) maximum radius check
12: (ii) B ∩ Y ̸= ∅) then ◃ (ii) PPC-condition check
13: DepthFirstClosedRec(Y, i, B; I, n, k, r, S);

14: end if
15: B ← B ∪ {i};
16: end for

Fig. 4. An polynomial delay and space mining algorithm ClosedFPM for finding all closed
(k, r)-flock patterns in a given trajectory database S with n trajectories of length T in
O(dkn2) time per pattern and O(dm2) working space, where k = len(I) is the length,
m = |X| and r is a maximum radius of a closed pattern F = (X, I) to output based on
depth-first search over CFSr.

We have the next lemma. For the detailed proof, see Appendix.

Theorem 3 (correctness of child generation). Let X, Y ∈ Cr
I,S be object subsets

such that Y ̸= ⊥. Then, (a) X = P(Y ) with i∗ = critI,S(Y ) if and only if (b) Y is
obtained as a child from X by PPC-extension with the key i by letting i = i∗.

In Fig. 4, we show our depth-first mining algorithm CloFPM for finding all closed
(k, r)-flock patterns appearing in a trajectory database S without duplicates. As a
main result of this paper, we give the following theorem. For the proof, see Appendix.

Theorem 4. Assume that d = O(1). Let O = [1..n], n ≥ 1 be an object domain,
k ≥ 1 be positive integer, r > 0 be a positive number, and S = {s1, . . . , sn} ⊆ (Vd)T

be a set of n input trajectories in M = (Vd, δλ) with length T ≥ 1. Then, the
algorithm CloFPM in Fig. 4 finds all closed (k, r)-flock patterns F ∈ CFr

S appearing
in S without duplicates in O(kn2) time per pattern and O(m2) working space, where
k = len(I) is the length, m = |X| and r is a maximum radius of a closed pattern
F = (X, I) to output.

For the case with small constant d and k and large n, we can optimize the
algorithm using a dynamic d-dimensional range query structure [8] to avoid the
unnecessary failures in children generation. See Appendix for the proof.

Theorem 5. A modified version of CloFPM can find all closed (k, r)-flock patterns
F ∈ CFr

S appearing in S without duplicates in O((log n)dk + ∆) time per pattern
using O(dkn logdk−1 n) space and O(dknT logdk N) preprocessing, where k = len(F )
is the length, r is a maximum radius, ∆ = O(n) is the increase of the number of
objects in the current pattern from its parent.
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7 Conclusion
In this paper, we introduced a class of closed (k, r)-flock patterns with fixed length k
and maximum radius r based on the equivalence between their envelopes, and then
presented a polynomial delay and space algorithm for all (k, r)-closed patterns in a
database. We also analyze some properties of closed flock patterns.
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A Appendix
Below, we show the detailed proofs of the theorems and lemmas in the body paper.

Theorem 1. Let I ⊆ T be any fixed duration with length k, T = k, and S ⊆ (Vd)T

be a set of n trajectories. Then, for λ = ∞, we have:

(1) |Fr
I,S | = 2Θ(n).

(2) |CFr
I,S | = nO(dk).

Proof. (1) It follows from that there are at most |2O| = O(2n) subsets of O. It is not
hard to construct an instance S with 2Ω(n) (k, r)-flock patterns by taking all subsets.
(2) From (iii) of Lemma 5, we have |CFr

I,S | = |CPr
I,S | for any I, r. For any t ∈ [1..T ],

let U = S[O][t] ⊆ Vd = Rd be the set of the locations for all n objects. Then, we can
show that the number of subsets in the form of U ∩ D for all distinct axis-parallel
boxes D is at most nO(d). Since the location list L of any envelope pattern P can
be detemined by the combination of its disks, the number of distinct location lists
is bounded by (nO(d))k = nO(kd). This proves the claim. ⊓⊔

Lemma 4. Let S be any database and I ⊆ T be any duration. the following
properties hold:

(i) The binary relation ≡I,S is an equivalence relation over all subsets of O.
(ii) For any flock patterns Fi = (Xi, I) with duration I, where i = 1, 2, if X1 ≡I,S X2

then rI,S(X1) = rI,S(X1) holds. The converse does not hold in general.

Proof. (i) Since ≡I,S is an equivalence relation over 2O using a mapping Env I,S(·),
the claim follows. (ii) By assumption, X1 ≡I,S X2 implies that Env I,S(X1) =
Env I,S(X2). By definition of the radius of a disk in λ = 2 or λ = ∞, rI,S(Xi) =
r(Env I,S(Xi)) holds for i = 1, 2. Thus, the claim is proved. ⊓⊔

Theorem 3. Let X, Y ∈ Cr
I,S be object subsets such that Y ̸= ⊥. Then, (a)

X = P(Y ) with i∗ = critI,S(Y ) if and only if (b) Y is obtained as a child from X
by PPC-extension with the generation key i by lettting i = i∗.

Proof. We give a sketch of the proof, which is almost same to those in [6, 17]. (a)
Only-if direction: Suppose that P := Y [1..i∗ − 1] and X := ClosureI,S(P ). Let Q
be the child generated from X by PPC-extension with the key i = i∗. We can
show that j∗ = critI,S(X) < i∗ = critI,S(Y ). For (ii), suppose to contradict that
X ∩ Y [1..i − 1] ̸= ∅. Then, we can show that P(Y ) ̸= X, contradiction. Thus,
(ii) holds. For (i), we first show Q = Y in two directions. (1) We show Q ⊆ Y .
Since i∗ ∈ Y , we have P := X ∪ {i∗} ⊆ Y ∪ {i∗} = Y . By monotonicity ((ii) of
Lemma 3), it follows that X := ClosureI,S(P ) ⊆ ClosureI,S(Y ) =: Y by definition of
P(·) and idempotence ((iii) of Lemma 3). (2) We show Y ⊆ Q. By extensibility ((i)
of Lemma 3), we have P ⊆ ClosureI,S(P ) =: X. By addint the element i∗ to the both
sides, we have P∪{i∗} ⊆ X∪{i∗}. Again by monotonicity (ii), ClosureI,S(P∪{i∗}) ⊆
ClosureI,S(X ∪ {i∗}) (*1). Then, if i∗ = critI,S(Y ) them we observe that the left
hand side becomes ClosureI,S(P ∪{i∗}) = Y . On the other hand, the right hand side
is Q by definition. Thus, we have Y ⊆ Q. Combining above (a) and (b), we have
Q = Y , and (i) holds. (b) If-direction is easy, and omitted. ⊓⊔
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Theorem 4. Assume that d = O(1). Let O = [1..n], n ≥ 1 be an object domain,
k ≥ 1 be positive integer, r > 0 be a positive number, and S = {s1, . . . , sn} ⊆ (Vd)T

be a set of n input trajectories in M = (Vd, δλ) with length T ≥ 1. Then, the
algorithm CloFPM in Fig. 4 finds all closed (k, r)-flock patterns F ∈ CFr

S appearing
in S without duplicates in O(kn2) time per pattern and O(m2) working space, where
k = len(I) is the length, m = |X| and r is a maximum radius of a closed pattern
F = (X, I) to output.

Proof. From Theorem 2 and Theorem 3, the algorithm CloFPM correctly traverses
the family tree T starting from the root ⊥ = ClosureI,S(∅), and visiting all closed
(k, r)-flock patterns in the class CFr

S from smaller to large using backtracking. From
the discussion in Boley et al. [6], we see that the test of condition (ii) at Line 12
correctly implements the PPC-condition check of (ii) in Def. 9. For time complexity,
for each parent subset X, the algorithm requires O(kn) time to generate a child
subset Y spending O(kn) time for the closure computation, maximum radius check,
and PPC-condition check. Since there can be O(n) failures of children generating
in the worst case, this incurs O(n × kn) = O(kn2) time per closed pattern. For
backtrack search on T , it is sufficient to maintaining a stack of patterns with length
at most h = height(T ). Using a technique called alternating output [16], we can
remove the delay proportional to h incured by backtracking. Combining the above
arguments, we have the theorem. ⊓⊔

Theorem 5. A modified version of CloFPM can find all closed (k, r)-flock patterns
F ∈ CFr

S appearing in S without duplicates in O((log n)dk + ∆) time per pattern
using O(dkn logdk−1 n) space and O(dknT logdk N) preprocessing, where k = len(F )
is the length, r is a maximum radius, ∆ = O(n) is the increase of the number of
objects in the current pattern from its parent.

Proof. Let d′ = dk. For each starting time t ∈ [1, T − k + 1], we store all length-k
subtrajectories in a dynamic range structure as a set of kn points d′-dimensional
space in the claimed space and preprocessing [8]. Using the range report queries, we
can extract the location list LocS(P ) of an envelope P in O((log n)d′

+ ∆) query
time handling (i) the radius check and (ii) the PPC-check, with scanning of the list
in O(∆) time. We will omit the details. ⊓⊔

For practical speed-up, it will be effective if we store the points at the starting
positions t assuming the uniform distribution of data points.


